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Abstract 
Let X be a Peano continuum and p : C(X) + [0, l] a Whitney map with C(X) the hyperspace 
of subcontinua of X. For a connected space Y, let T(Y) denote the multicoherence degree of Y, 
In this paper we prove: (A) If s G t, then T(P-‘(s)) 2 T(P-l(t)), (B) ~(p-l(t)) is finite for 
every t > 0, (C) if 0 < m 6 r(X), then there exists a Whitney map IJ : C(X) + [0, l] and there 
exists t E [0, l] such that T(V-l(t)) = m, and (D) X is a simple closed curve if and only if 
+-l(t)) > 0 for every t < 1. 
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1. Introduction 
Throughout this paper X will denote a Peano continuum (a compact, connected, locally 
connected metric space) with metric d and Y will denote a continuum. Let C(Y) be the 
hyperspace of all nonempty subcontinua of Y, with the topology induced by the Hausdorff 
metric. Denote the unit closed interval [0, I] by 1. A Whitney map p : C(Y) + I is a 
map such that ~({z}) = 0 for each z E Y, p(Y) = 1 and p(A) < p(B) whenever 
A c B # A. A Whitney level (respectively, proper Whitney level) is a space of the 
form /~-l(t) h w ere 0 < t < 1 (respectively, 0 < t < 1). A topological property P 
is a Whitney property provided that whenever Y has property P, each Whitney level 
has property P and P is a strong Whitney-reversible property provided that whenever 
p-‘(t) has property P for some Whitney map p for C(Y) and all 0 < t < 1, then Y 
has property P. 
* This paper was partially supported by CONACYT, 1085-E9201, Mexico. 
1 Permanent Address: Instituto de Matemticas, UNAM. Cicuito Exterior, Ciudad Universitaria, Mexico, 
04510, D.F., Mexico. E-mail: illanes@gauss.matem.unam.mx. 
0166-8641/96/$15.00 0 1996 Elsevier Science B.V. All rights reserved 
SSDI 0166-8641(95)00064-X 
252 A. lllanes / Topology and its Applications 68 (1996) 251-265 
If 2 is any topological space, let ho(Z) denote the number of components of 2 minus 
one if this number is finite and ho(Z) = 00 otherwise. The multicoherence degree, r(Y), 
of Y is defined by 
r(Y) = sup {b,-,(A n B): A, B E C(Y) and Y = A U B}. 
If r(Y) = 0, Y is said to be unicoherent. 
Whitney levels are always continua [3, p. 10321. In [25, Theorem 1.21, Segal proved 
that hyperspaces are acyclic and then (see [22, Theorem 3]), C(Y) is unicoherent. For 
Whitney levels, the situation is different, the following observation was made by Rogers 
in [24]: “As we go higher into the hyperspace, no new one-dimensional holes are created, 
and perhaps some one-dimensional holes are swallowed”. This intuitive statement has 
found several formulations. 
In [24, Theorem 51, Rogers proved: 
Theorem. Zf p is a Whitney map for C(X) and 0 < s < t < 1, then there exists a 
monomorphism 
y* : H’(p-l(t)) + H’(p-l(S)) 
where H’(Y) denotes the reduced nth Alexander-tech cohomology group of Y. 
In [ 121, the author showed that if X is a Peano continuum and p is a fixed Whitney 
map for C(X), then: 
Theorem. If 0 6 Q < R < S < T < p(X), then there exists an epimorphism 
4:m(~-‘(&,W --N/J-‘(W)). 
Theorem. Zf 0 < S < T < 1, then 7~1 (p-l (S, T)) is jniteZy generated. 
Theorem. The following assertions are equivalent: 
(a) X is a simple closed curve. 
@) ~1 (II-’ (S, T)) is a nontrivial group for every 0 < S < T < 1. 
(c) For each R < 1, there exist R < S < T 6 1 such that ~1 (p-‘(S, T)) is a 
nontrivial group. 
With respect to unicoherence, in [22, Theorem 14.461 Nadler proved that unicoherence 
is a strong Whitney-reversible property. In [16, 5.41, Krasinkiewicz and Nadler gave an 
example of a nonlocally unicoherent continuum for which there exists a nonunicoherent 
Whitney level showing then that unicoherence is not a Whitney property. 
In this paper we work with locally connected continua. As usual, with this hypothesis, 
it is possible to establish multicoherence results. We prove: 
Theorem A. Zfp: C(X) + I is a Whitney map and 0 < s < t < 1, then r(p-‘(s)) > 
r(/1-’ (9). 
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Since ,u-I (0) is homeomorphic to X, then unicoherence is a Whitney property for 
Peano continua. 
Theorem B. Zfd is a proper Whitney level for C(X), then r(d) is finite. 
Theorem C. If0 < m 6 r(X), then there exists a Whitney level A for C(X) such that 
r(d) = m. 
Theorem D. The following assertions are equivalent: 
(a) X is a simple closed curve, 
(b) there exists a Whitney map p : C(X) -+ I such that ,u-’ (t) is not unicoherent for 
each t < 1 and, 
(c) every proper Whitney level for C(X) is not unicoherent. 
To prove these theorems we will use the equality T-(X) = R(X) where R(X) is 
the analytic multicoherence degree defined as follows: Let S’ denote the unitary circle 
in the Euclidean plane R*. Let e: IR -+ S’ be the exponential map given by e(t) = 
(cos 27rt, sin 27rt). If A c X, a map f : A + 5” is nonessential (f N 1) if there exists 
a map h : A -+ R such that f = e o h in other case we say that f is essential. A finite 
number of maps fl, . . . , fn : A -+ S’ are called linearly dependent if there exist not 
all zero integers al,. . . , a, such that fa’ . . . fEn = 1, otherwise, fl, . . . , fn are called 
linearly independent. Then R(X) = sup{n b 0: there exist two closed subsets A, I3 of X 
and there exist maps fi, . . . , fn : X -+ S’ such that fl, . . . , fn are linearly independent, 
X = AU B and fijA 2 1 and fijB N 1 for every i}. 
Eilenberg in [5] introduced R(X) and proved that r(X) = R(X) for Peano continua. 
Later, in [26], Stone proved that the equality holds for every connected, locally connected 
normal Tl-space. 
Two-dimensional holes behave in a different way, Petrus [23] showed that if D denotes 
the unit disk in the Euclidean plane, then there exists a Whitney level p-’ (2’) for C(D) 
(for an appropriate Whitney map CL) such that there exists a retraction of p-‘(T) onto 
a 2-sphere. Related to these topics, in [lo], the author obtained a characterization of 
dendroids in terms of n-connectedness of Whitney levels. 
The author thanks the referee for his suggestions. 
2. Auxiliary results 
A topological connected space 2 has property (b) if f N 1 for every map f : 2 -+ S’. 
It is known (see [4, Theorems 2 and 31) that if 2 is normal and it has property (b), then 
2 is unicoherent and [4, Theorem 31 if 2 is a locally connected normal Tl-space, then 
2 is unicoherent if and only if 2 has property (b). 
We constantly will use the Unique Lifting Theorem (ULT) (see [7, 5.11) which asserts 
that: 
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If Z is a connected space and f, g : 2 + W are two maps such that e o f = e o 9 and 
there exists z E 2 such that f(z) = g(z), then f = g. 
If A c X, define Fl(A) = {{a} E C(X): a E A}, if d > 0, let 
N(6, A) = {x E X: there exists a E A such that d(a, Z) < “} 
and, if p E X, let 
B(6,p) = {Z E x: d(z,p) < s}. 
For a closed nonempty subset A of C(Y), let 
S(d) = {B E C(Y): there exists A E A such that A c B}. 
An order arc of C(Y) (see [22, 1.21) is a nondegenerate subcontinuum p of C(Y) such 
that if A, B E /?, then A c B or B c A. Finally, let 
OA(C(Y)) = {p E C(C(Y)): p is an order arc in C(Y) 
or /3 = {A} for some A E C(Y)}. 
Order arcs in C(Y) are homeomorphic to I [22, 1.31. In [22, Theorem 1.81, it is proved 
that if A, B E C(X) and A c B, then there exists an order arc/3 in C(Y) such that 
A = n@ and B = Up. In [19] it was proved that OA(C(Y)) is a compact subspace of 
C(C(Y)). 
Lemma 1. For every nonempty closed subset A of C(Y), S(d) has property (b). 
Proof. Krasinkiewicz proved in [15, Theorem 1.71 that S(d) has trivial shape, then (see 
[18, Theorem 161) S(d) has property (b). 0 
Corollary 2 [21]. C(Y) has property (b), then it is unicoherent (read comments about 
this corollary in [22, 1.771). 
Corollary 3. rf p : C(Y) 3 I is a Whitney map and t E I, then the Whitney block 
p-’ [t, l] has property (b) and it is unicoherent. 
Proof. S(p-‘(t)) = p”-‘[t, 11. 0 
Lemma 4. Let p: C(X) + I be a Whitney map, let 0 < s < t < 1 and let 
f : p-l [s, t] -+ S’ be a map. Zf f1p-l (s) E 1, then f N 1. 
Proof. By the main result in [l] and [20], we may assume that the metric d for X is 
a convex metric. Using the map Kd defined in [22, 0.65.11, it is possible to prove that 
p-‘(t) is a deformation retract of p-l [s, t], with a retraction T such that A c r(A) 
for every A E p-l[s, t]. Then f is homotopic to f o T and fJp-l(s) is homotopic 
to f o rip-‘(s). By hypothesis and [15], flp-‘( s 1s ) ’ h omotopic to a constant. Hence 
f o T-(~-~(s) is homotopic to a constant. 
Let y* : H’ (,u-’ (t)) -+ H’(p-’ (s)) be the monomorphism defined by Rogers in [24, 
Theorem 51. Let p = f/h-‘(t) and let a! : p-‘(s) -+ 5” be such that [a] = ?*([@I). Since 
A c r(A) for every A E p-’ fs, t], the way in which y* was defined in 124, Theorem 51 
implies that cx is homotopic to f o T(~-~(s). Thus LY is homotopic to a constant. Since 
y* is injective, p is homotopic to a constant. This implies that f o T is homotopic to a 
constant. Thus f is homotopic to a constant. Therefore, (see [15J) f -N 1. 0 
Lemma 5. Let ,LL: C(X) -+ I be a Whitney map and let 0 < s < t < 1, then 
R(/P[S, t]) = r(p-‘[s, t]) = 7+-‘(t)) = R(fl-l(t)). 
Proof. By f22, Theorem 14.91 p-‘(t) is locally connected. Similarly as in [22, Theo- 
rem 14.91, p-’ [s, t] is locally connected so T(P,-’ [s, t]) = I?@-’ [s, t]) and T(P-’ (t)) = 
R(/.A-‘(t)). Using the map Kd for [22, 0.65.11, it is possible to prove that p-I(C) is a 
defo~ation retract of B-’ [s, t]. Then, 
+-‘wl) = +-‘ct,) 
(see (5, Theorems 2 and 31). 0 
3. Theorem A 
Proof of Theorem A. By Lemma 5, it is enough to prove that fz(p-’ [s, t]f < R&-I (3)). 
Suppose, on the contrary, that 
Then there exist n > R(p-’ (s)), two closed subsets A and B of i-1-l [s, t] and linearly 
independent maps fl, . . . , fn : p-’ [s, t] + 5” such that CL-’ [s, t] = A u B and, for 
i = 1,2, f,lA z 1 and fi/B N 1. Since for each i = 1,2, fi]A n p-‘(s) II 1 and 
fi[Bf@-‘(s) N 1 and ~(~-‘(s)) < 72, f~ JCL-l(s), . . . , ftiIpL-‘(s) are linearly dependent. 
Lemma 4 implies that fi, . . . , fn are linearly dependent. This contradiction completes 
the proof of the theorem. 0 
4. Theorem B 
Lemma6. Let U, V, W;,... , W, be open nonempty connected subsets of a connected 
topologicatspaceZsuchthatZ=UUVandUflV=WtU~..UW,.Letf~,...,f, 
be maps from Z in 5” such that, for each i, ft IU N 1 and filV 2: 1. Then f I, . . . , fn, 
are linearly dependent. 
Proof. Fix points pl E WI, . . .,p,~W’W,.Foreachmapf:Z-+S1andeach~~S’, 
f= 1 if and only if ~0 * f N 1. Then we may assume that fi(pl) = I for every 
2= ,...,% 1 
Foreachj= I,..., n, let ?zp) : U -+ R be the unique map such that e o hi”’ = fjlU 
and $‘(pl) = 0. Then, for each i = 2,. . . , n, let hp) : V --+ IR be the unique map 
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such that hy) (pi) = hy) (pi) and e o h(j) = fj\V. For each i, j = 1, . . . , n, define 
b2(j) = @‘(PI). Since e(hy’(pl)) = 1, & is an integer. 
Consider the vectors 
211 = (bh” , . . . ) t@), 212 = (by,. . . ) b?)), . . . ) 21, = (by,. . . , b?)) 6 up-‘. 
Considering Qn-’ as a vector space over Q, the vectors ~1, . . . , vn are linearly dependent, 
so there exist not all zero integers al,. . . , a, such that alvl + u2v2 + . . . + a,~, = 0. 
We will show that if f = fa’ . . . fnn, then f 21 1. 
Since f(p,) = 1, there exists a unique map hl : U -+ R such that e o hl = f/V 
and hl(pl) = 0. For each i = 2,. . . , n, let hi : V -+ IR be the unique map such that 
e 0 hi = f IV and hi(pi) = hl (pi). For i 2 1, notice that 
e o (cl . hi’) + . . . + a, . hi”)) = (e o h!‘))a’ . . . (e o @))=” 
is equal to: f[U = 
al ,hi’)(pl)+- 
e 0 hl if i = 1 and it is equal to f/V = e o hi if i > 2. Since 
.+a,.hjn)(pl) = 0 = hl(pl), we have that hl = al .h[‘)+. . .+a,.hp). 
And, since for each i > 2, 
aI . h!‘)(p.) + . . . + a, z 2 . hin)(pi) = ~1 . hiI) + . . + U, . hin)(pi) 
=hl(pi) = hi(pi), 
we have that h. = al . h!‘) + . . . + a, . h,!“‘. Therefore hi = al . h,!‘) + . . . + a, . h,!“’ 
foreveryi= l:...,n. 
2 
Then,foreveryi=2,...,n,h~(p~)=u~~b~’)+~~~+~,~b~~)=O.Henceh~(p~)=O 
for every i = l,..., n. Therefore h2 = h3 = . . . = h,. In particular, for i > 2, 
h&i) = hihi) = hl(pi). Ih ere f ore hz(pi) = hl (pi) for each i = 1, . . . , n. 
Foreachi= l,..., 72, e 0 (hl[Wi) = flwi = e 0 (h21Wz) and hl(pi) = hz(pi), then 
hllWi = hz(Wi. Finally, define h: 2 + R by h(p) = hi(p) if p E U and h(p) = h;?(p) 
if p E V. Then h is well defined, continuous and e o h = f. Hence f N 1. 
Therefore fi, . . . , fn are linearly dependent. 0 
Proof of Theorem B. Let /.J : C(X) -+ 1 be a Whitney map and let t E (0,l) be such 
that A = p-‘(t). Let 6 > 0 be such that if A E C(X) and diam(A) < 6, then p(A) < t. 
For each map f : 11-l [0, t] + S’ and each A E C(X) with diam(A) < S, we have that 
C(A) c /rl[O,t]. S ince C(A) has property (b), flC(A) N 1. In particular flFl(A) N 1. 
Since X is locally connected, there exist nonempty open connected subsets U1, . . . , U, 
such that X = U1 U . . s U U,, diam(Ui) < 6/3 for each i and 
u, nu2 # 0,(uluU2)nu3 # S,...,(U, u... u Um_l)nUm # 0. 
Foreachi= l,..., m, let Zi = Ul U. . . U Vi. Then Zi is a connected space, 21 = U1 
and 2, = X. Define di = sup({O} U {k 2 1: there exist maps fl, . . . , fi : ,Q-’ (0, t] -+ 
S’ such that f~lF~(Zi),.. .,filF’l(Zi) are linearly independent}). Since diam(Cl(Zl)), 
diam(Cl(Z2)) and diam(Cl(Zs)) < 6, then dl, d2 and d3 are equal to 0. 
We will prove, inductively, that di+l < (di + 1) . i for every i = 1, . . , m. Let i 2 2 
andsupposethatd;?<(dl+l).l,... ,di<(di_l+l)‘(i-l).Inparticular,dl,..., di 
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are finite. Let lc = (di + 1) . i. To prove that d, %+I < k, suppose, on the contrary, that 
di+l > k 2 2. Then there exist maps f’, . . . , fk : p(I-’ [0, t] + S’ such that f’ 18” (&+‘), 
. . , fk ( FI (&+ 1) are linearly independent. 
From the definition of di, each one of the families: 
{Mi(Z), .’ xfdi+‘lF’(zi)}, 
{ fi+21F1 (%I, . . . , h(d,+‘) 18 (zi)}, * . . > 
{f(i-‘)(d,+‘)+l~F’(~i)~~~~~fi(d,+’)~~l~~i)} 
are linearly dependent. Then there exist integers a’, . . . , Uk such that if 
g’ = fl”’ . . f;*:pl;:‘, . . . , 
gi = fa(~-lNdi+l)+l 
(z-l)(di+‘)+’ ” ’ ft;(,d$;)> 
theng’IF’(Zi)-l,...,giIF’(Zi)Nlandeachoneofthevectors(a’,...,ad;+‘),..., 
(a(i-l)(d;+l)+‘, . . . > ak) is different from the vector 0. 
Suppose that {Uj: j E (1,. . . , i} and Uj n Ui+’ # 0) = {Uj,, . . . , Ujn}. Then 
n < i. Define V = Ui+, U U,, U . .. U Vj,, and U = Zi. Then U U V = 
zi+l and U fl V = Uj, U . ‘. U Uj,. Since diam(Cl(V)) < S, then g’]F’(V) N 
1, . , gn I F’, (V) N 1. Thus Lemma 6 implies that g’ ] F’ (Zi+’ ), . . . , gn 18” (Zi+’ ) are 
linearly dependent. Hence g’]F’(Zi+‘), . . . , gi IF’ (Z+’ ) are linearly dependent. It fol- 
lowsthatf’]F’(-%+‘),. . . >.fk\Fl(zi+l) are linearly dependent. This contradiction proves 
that di+l f (di + 1) . i and completes the induction. 
In particular, d, is finite. Finally, we will show that r(pL-’ (t)) 6 d,. Suppose, on 
the contrary, that R(P-‘[O,t]) > d, (Lemma 5), then there exists N > d, and there 
exist maps f’,...,f~:p-‘[O,t] + S’ which are linearly independent. By definition of 
d,, f’ IFI (XI,. . . , f,+‘, (X) are linearly dependent. Since X = p-‘(O), by Lemma 4, 
f’, . . , fiv are linearly dependent. This contradiction proves that T(P-’ (t)) < d, and 
ends the proof of Theorem B. 0 
Example 7. Theorem B is not true without the hypothesis of local connectedness. 
Consider the subcontinuum Y of the Euclidean plane defined by: 
Y= U(((lln,-l),(lln,l)): nd 1 U((O,-l),(O,l))u ( 0 
(PA -1)1(1, -1,) u ((0, l), (1, l,), 
where (p, q) denotes the segment joining p and q. Let h : C(Y) -+ I be a Whitney map. 
Let 
~={AEC(Y): A~((O,l),(1,1))#0andAn((O,0),(1,0))#0} 
u{AE C(Y): An((O,-1),(1,-l)) f0 andAn((O,O),(l,O)) #S}. 
Then C is a compact subset of C(Y) such that C n Fl(Y) = 0, so to = minp(C) is 
greater than 0. We will prove that if t E (O,tc), then r(h-l(t)) = 00. 
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Let Y+ = {(z:, y) E Y: y b 0) and Y- = {(z, y) E Y: y 6 0). Let A = {A E 
p-‘(t): A n Yf # 8) and B = {A E p-‘(t): A fi Y- # 0). Then A and B are 
closed subsets of p-‘(t) and A U I3 = p-r(t). Since Y+ is a subcontinuum of Y and 
p(Y+) > t, then p-‘(t) fl C(Y+) is a nonempty subcontinuum of A. For each A E A, 
let a E A be such that a E Yf. Let B E p-‘(t) n C(Y+) be such that a E B. Then 
there exists a path (Y joining A and B in p-‘(t) such that a E C for every C E Q (see 
[22, 14.8.11). Thus cr c A. Therefore A is connected. Similarly B is connected. 
Foreachs E {O}U{l/ n: n > l}, let L, = {s} x [-I, l] and L, = p-l(t) n C(L,). 
Since p(L,) > t and (s, 0) E L,, there exists A, E p-‘(t) such that (s, 0) E A, c L,. 
Then Ls n A n B # 0. If A E A n t?, then A n ((O,O), (1,0)) # 0, SO 
An (((0, I), (1, 1,) u ((0, -11, (1, -1))) = 0. 
Thus A E L, for some s. Hence 
dnBcU{L,: SE {O}~{l/n: nal}}. 
This proves that ba(d n B) = cm. Therefore T(P-r(t)) = 00. 
5. Theorem C 
Lemma 8. rf r(X) 2 m 3 0 and m < co, then there exist A, B E C(X) such that 
X=AuBandb(AnB)=m. 
Proof. If m = 0, let A = B = X. Then we may suppose that m > 0. Since r(X) 2 m 
and m < co, there exist Ae, Bo E C(X) such that X = A0 U BO and &,(A0 n Bo) 2 m. 
Then there exist nonempty closed subsets Cr , . . . , Cm+1 of X such that 
AanBa=CrU...UC,+r. 
Choose open sets VI, . . . , Urn+1 of X such that Ci c Vi for each i and 
Cl(&), . . . > Cl(~m+l) 
are pairwise disjoint. Since A0 n Bo is compact, there exist a finite number of components 
or..., D, of uru.* *uu,+r suchthatAonBocDIU~~~UD,andDinAunBo#O 
for each i. Define AI = Ao U Cl(Dr U . . . U &) and B1 = BO U Cl(Dr U . . . U Dn). 
Then AI, BI E C(X), X = Al U BI and 
A1 n B1 = Cl(Dr) u . . . u Cl(&). 
Thus Al rl B1 has a finite number of components El, . . . , Ek. Since Cr U. . . U Cm+1 c 
A, n B1 c Cl(&) u . . . U Cl(Um+i), lc > m + 1. If k = m + 1, the proof is complete, 
so we may assume that k > m + 1. Choose open connected subsets WI, . . . , wk of 
X such that Ei c Wi for each i and Cl(Wr ), . . . ,Cl(Wk) are pairwise disjoint. Let 
Uo=A,uWru.- . U wk and Vi = B1 U WI U. . . U wk, then UO, VO are open connected 
subsets of X and X = UO U VO. Thus UO is pathwise connected. Fix points pr E W, and 
p2 E W2, let (Y : I --t UO be an injective map such that a(0) = pl and a( 1) = ~2. 
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Let to = min o-t (Cl(W2) U . . . U Cl(Wk)), then 0 < to < 1. We may assume that 
(a E CI(Wk). Define AZ = Cl(U ) o and Bz = Cl(Vo) U cz([O,ta]). Then AZ, B2 E 
C(X), X = A2 U B2 and 
A2 n B2 = (o([O,ta]) u Cl(W,) u Cl(%)) u Cl(W2) u . u Cl(Wk-,). 
Thus m 6 k - 1 = ba(A2 f’~ B2) < k = bo(Al n B,). 
If m = k - 1, the proof is complete. If m < k - 1, this procedure can be repeated to 
obtain A and B. 0 
Lemma 9. Let A, B E C(X) b e such that X = A U B and A # X # B. Let U, V be 
open subsets of X such that A c U and B c V. Then there exists a Whitney level A 
forC(X)suchthatA,BEdandifDEA,thenDCUorDCV. 
Proof. Since A is not contained in B and B is not contained in A, it follows from [27] 
that there exists a Whitney map p: C(X) + I such that p(A) = l/2 = p(B). We may 
assume that U # X and V # X. 
For each nonempty closed subset D C X, define go : C(X) + [0, oo) by gD(E) = 
inf(6 > 0: E C N(6, D)}. Then gD is a map such that go(D) = 0 and go(E) < go(E) 
if E c F. 
For each n 2 1, define pn : C(X) -+ R by: P,(E) = P(E). (1 +n.g~(E) sg~(E)). 
Clearly, p,/p,(X) is a Whitney map. 
LetB={EEC(X): En(X-U)#0andEn(X-V)#0}.SinceX=UuV, 
B is a compact subset of C(X) and B n Fl (X) = 0. Then to = min p(B) is greater than 
0. Fix E > 0 such that N(E, A) c U and N(E, B) c V. For E E B, E is not contained 
in N(E, A) and E is not contained in N(E, B), then gA(E), gB(E) 2 E. 
Fix m 2 1 such that to . (1 + mE2) > l/2. We will show that the Whitney level 
A = p;' (l/2) has the required properties. Clearly, pL, (A) = l/2 = pu, (B). Then 
A, B E A. Let D E A, if D is not contained in U and D is not contained in V, then 
D E Z?. Thus pm(D) 2 to . (1 + mE2) > l/2. This contradiction proves that every 
element in A is contained in U or in V and completes the proof of the lemma. 0 
Proof of Theorem C. Since r(X) = r(Fl(X)) and Fl(X) is a Whitney level, we 
may assume that 0 < m < r(X). By Lemma 8, there exist AI, BI E C(X) such that 
X = Al U BI and bo(Al n B1) = m. Let Ct , . . . , Cm+1 be the components of A1 n B,. 
Then there exist open connected subsets Wt , . . , Wm+l and VI,. . . , Vm+l of X such 
that Ci C Vi C Cl(Vi) C Wi for each i and Cl(Wt), . . , Cl(Wm+t) are pairwise disjoint. 
Define A = AI U Cl(Vl U . . . U I&+,) and B = BI U Cl(Vt U . . . U Vm+l). So A and 
B are closed connected subsets of X, X = A U B and bo(A n B) = ba(Cl(V, ) u . u 
Cl(V,+t)) = m. Thus A # X # B. 
Define U = AUW, U... U~,+I and V = BUWI u...uW,+l. Then U and V are 
open connected subsets of X. By Lemma 9, there exists a Whitney level A for C(X) 
suchthatA,BEdandifDEd,thenDcUorDCV.LetCL:C(X)-_)IandtEI 
be such that A = /J-’ (t). 
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We will show that = m. Let B = p”-’ [0, t]. By Lemma 5, it is enough to prove 
that r(B) = m. 
Define z.4 = {D E a: D C u} and V = {D E a: D C V}, then U and V are 
open subsets of 23 and a = U U 1). To prove that lf is connected, let D E U and fix a 
point p E D, then [22, Theorem 1.81 there exists an order arc LY from {p} to D. Thus 
(Y c U. Since {p} E F,(U) and F,(U) IS a connected subset of U, we conclude that U 
is connected. Similarly V is connected. 
Foreachi= l,..., m + 1, let Wi = {D E f?: D c WZ}. Then Wi is an open subset 
of a. Notice that the sets C(Cl(Wi)), . . . , C(Cl(Wm+r)) are pairwise disjoint, 
ClC(X) (U) ” ClC(X) (V) c C( Cl(U)) n C (Cl(V)) 
c c( Cl(Wr)) u . . u c( Cl(l&+*)) 
and if p is a point of Ci, then {p} E Cl c(x)(U) n Clc(x,(V) n C(Cl(w,)). Thus 
bO(ClC(X) (U) r-l Cl c(x)(V)) > m and B = Cl c(x)(U) U Clc(x)(V). This proves that 
r(L3) > m. 
Now suppose that r(B) > m. Then R(B) > m. This implies that there exists a set of 
linearly independent maps fi , . . . , fm+l : B -+ S’. Define Ua = Al U VI U . . U V,+, 
and VO = I31 U VI U . . . U &+I. Then 170 and VO are open connected subsets of X 
such that X = UeUVa. For i = l,..., m + 1, since C(A) c B, fi is defined in 
C(A). By Corollary 2, f;lC(A) N 1. Thus filFr(Uo) N 1. Similarly, fiIFl(Vo) z 1. 
By Lemma 6, we obtain that fr 1p-i (0), . . , fm+il~-* (0) are linearly dependent. Then 
Lemma 4 implies that fr , . . . , fm+r are linearly dependent. This contradiction completes 
the proof of that r(B) = m and ends the proof of Theorem C. 0 
Question 10. Is Theorem C true without the hypothesis of local connectedness. 
6. Theorem D 
Lemma 11. Let 6, A: I -+ X be injective maps such that 6(O) = X(0) and 6( 1) = A( 1). 
Let f : X -+ S’ be a map such that f I Im 6 U Im X is essential. Then there exists a simple 
closed curve y c X such that f Iy is essential. 
Proof. Let cy = Im 6 and p = Im A. Since cy and p are arcs, there exist maps h : a + Iw 
and k:P + IR such that e o h = fl a, e o k = flP and h(b(0)) = k(X(0)). Let 
20 = {t E I: b(t) E p and h(S(t)) = k(6(t))}. Th en 2 o is a nonempty closed subset 
of 1. Let 2 = {t E 20: S-‘(p) n [O,t] c Za}, Then 2 is a nonempty closed subset of 
1. Let to = max 2. If to = 1, then hla! n p = k/a n p. Thus there exists a common 
extension h : a U ,f? + lR which is continuous. This is a contradiction since fla U fl is 
essential. Hence to < 1. 
Let SO = inf(&-i(p) n (to, 11). W e will prove that to < SO. Suppose, on the contrary, 
that to = SO. Then there exists a sequence (tn)n in b-‘(P) n (to, l] such that t, + to. 
For each 71, let s, E 1 be such that X(sn) = b(t,). We may suppose that sn + s for 
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some s E 1. Then X(s) = b(tc). Let U be an open connected subset of X such that 
b(te) E U and diam(f(U)) < l/2. Then f]U N 1. So there exists a map hr : U -+ IR 
such that e o ht = flU and hr(b(to)) = h(b(to)) = k(6(te)). 
Let ~1 > 0 be such that 6([ta - EI, to + EI] n I) C U, A( [s - ~1, s + E,] n I) c U and 
to + ~1 < 1. Let E > 0 be such that E < ~1 and 
b([to-~,tO+~]nI)nX(I-(~-~l,~+~l)) =0. 
Let N be such that tN E [to, to i-E). For t E [to, tN] n 6-‘(p), b(t) E ImX - x(1 - (s - 
E,, s + Ed)), then there exists a number r E (s - ~1, s + EI) n I such that s(t) = X(r). 
Denote by It the closed interval in R with extremes r and s, then X(11) c U. Since 
hr(X(s)) = k(X(s)) and eoht(X(1r) = eok]X(Ir), then hrlX(1,) = k]X(Ir). In particular, 
F,r(X(r)) = k(X(r)) and hl(b(t)) = k(b(t)). S ince d([to,t]) c U and h,(b(to)) = 
h(b(to)), then h IWo, t]) = W([to, tl), so h, (s(t)) = h@(t)). Thus h(b(t)) = Ic(fqt)). 
Hence [0, TV] n 6-‘(p) C 20 and tN E 20. Therefore tN E 2 and to < tN. This 
contradiction completes the proof that to < SO. 
Notice that SO E S-‘(p) and SO $ 2. Set b(to) = X(-t,) and b(se) = X(q), let 12 
be the closed interval in IR with extremes tl and sr. From the definition of se and to, 
h(6(s0)) # k(S(s0)) and the set y = 6([to, SO]) U X(12) is a simple closed curve. 
In order to prove that fir is essential suppose, on the contrary, that there exists a 
map h2 :y -+ IR such that h;?(b(to)) = h(b(to)) = k(X(t1)) and e o h:! = fir. Then 
W([~~,SO]) = f@([to,s~]) and h+(b) = W(b). Thus h(b(so)) = b(S(so)) = 
k(b(so)) which is a contradiction. Therefore fly is essential. 0 
Lemma 12. Let E > 0 and let f : X + S’ be an essential map. Then there exists a 
circular chain of open connected subsets VI, . . . , U, of X such that diam(Ui) < E for 
each i, Cl(Ui), . . . , Cl(Un) is a circular chain and flu1 U . . U U, is essential 
Proof. First, we will prove that there exists a simple closed curve y in X such that fly 
is essential. Let EI > 0 be such that if d(z,y) < EI, then If(x) - f(y)] < l/4. Let 
vr ) . . . , vk be an open cover of X where each Vi is an open connected subset of X, 
diam(V~) < ~1 and 
Vtnb#@, (VruI’$)n&#@ ,..., (~U.“uVk_l)nVk#8. 
Since diam(f(Vi)) < l/4, flVi 2 1 for each i. 
For each i, let Wi = V, U . . . U Vi, then f]Wr N 1 and f]wk is essential. Let 
m = min{i: f]Wi . IS essential}, then m > 1, f]W,_i N 1 and flW, is essential. 
Fix a point p E V, n Wm_l. Let ho : W,_l + LR and hl : V, t IR be maps such that 
eoho = flWm-r, eohr = flV, andho = hr(p). If holW,_lnV, = hllW,_~nV,, 
then there exists a common extension for ho and hr which implies that f]W, N 1. This 
contradiction shows that there exists q E W,_l n V, such that ho(q) # h,(q), then 
P # 9. 
Since W,_i and V, are connected, they are arc-connected, then there exist injective 
maps 6 : I -+ IV,_, and A: I + V, such that 6(O) = p = X(0) and 6(l) = q = X(1). 
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Iff(aupNl,thenthereexistsamaph*:(YUp-tIWsuchthateohz=flcvUpand 
h2(p) = ho(p) = h(p). fius h2la = h 0 a and h2jP = hII,& Then ho(q) = h2(q) = I 
hl (q). This contradiction proves that fla U ,d is essential. By Lemma 11, there exists a 
closed curve y such that fly is essential. 
Divide y into a circular chain of subarcs yi , . . . , TN such that N > 4 and diam(yi) < E. 
Then the circular chain Ui , . . . , UN can be constructed by taking, for each i, a small open 
connected subset Vi of X such that pi C Vi. •! 
Proof of Theorem D. By [ 141 (a) + (c). Clearly, (c) + (b). Then we only have to 
prove that (b) + (a). Let p: C(X) t I be a Whitney map such that p-‘(t) is not 
unicoherent for each t < 1. Since X is locally connected, to prove that X is a simple 
closed curve, it is enough to prove that X is circle-like. 
Then take c > 0. By [l] and [20], we may assume that d is a convex metric. Then, for 
each p, q E X, there exists a subcontinuum y of X such that p, q E y and y is isometric 
to the interval [0, d(p, q)]. In particular, for each 6 > 0 and each p E X, B(6,p) is 
arcwise connected. 
Let 61 > 0 be such that 61 < E and if A E C(X) and diam(A) < 2461, then 
p(A) < l/2. Let ~1 = min{s/20, Si}. By [22, 1.281, there exists 6 > 0 such that S < l/2 
and if A, B E C(X), A c B and p(B) - p(A) < 6, then H(A, B) < &i/2 (H is the 
Hausdorff metric for C(X)). Fix t E (0,l) such that 1 - b < t. Then X = N(&i/2, B) 
for each B E p-‘[t, I]. 
Since IL-’ (t) is not unicoherent, then /J-’ [0, t] 1s not unicoherent. Thus there exists an 
essential map f : p-’ [0, t] -+ R. By Lemma 4, f/Pi(X) is essential. By Lemma 11 there 
exists a circular chain of open connected subsets Ui, . . . , U, of X such that f[Fi (Ul U 
. . .U Un) is essential, Cl(Ui), . . . , Cl(Un) . IS a circular chain and diam(Ui) < ~1 for each 
i. We may suppose that n is the minimum number for which there is such a circular 
chain. 
Define A = Cl(Ui U . . . U Un). If p(A) < t, then C(A) c p-‘[O,t]. By Corollary 2, 
f/C(A) N 1, then flFl(A) N 1 and ~IF’I(UI U .. . U Un) N 1. This contradiction proves 
that p(A) > t. Since Cl(Ui), . . . , Cl(Un) is a circular chain, then diam(A) < n . 61. 
Since ,u(A) > t > l/2, then rz > 25. 
For each i = 1,. . , n, define Di = Cl(Ui) U {x E X: z $ A and there exists an arc (Y 
in X such that diam(cr) < ~i/2, one extreme of cy is z, the other extreme of cr is a point 
y in Cl(Ui) and (Y - {y} n A = 8). 
From the choice of t, X = N(&i/2,A). Since d is convex, it follows that X = 
D, u . . u D,. 
We will prove that if Di n Dj # 8, then j E {i 8 2, i 8 1, i, i @ 1, i $2) where i 8 2 
(respectively, i 8 1, i CB 1, i $2) is the unique element in { 1, . . . , n} which is congruent 
to i - 2 (respectively, i - 1, i + 1, i + 2) module n. Suppose, on the contrary, that by 
example, D2 n Dj # 0 and j E (5,. . . , n - 1). 
Let 2 E D2 n Dj. If z E A, then z E Cl(&) n Cl(Uj) which is an absurd, so x $ A. 
Then there exist arcs (~1, (~2 in X such that, for Ic = 1,2, diam(cwk) < &i/2, one extreme 
of (Yk is x, the other extreme of (Yk is a point yk, (ok - {yk}) n A = 0, yi E Cl(U2) 
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and yz E Cl(Uj). Let cr = cq U (~2, then cr is a subcontinuum of X, diarn(cy) < Em, 
yt E a n Cl(Q), y2 E Iy n Cl(Uj) and (cr - {yt, ~2)) n A = 0. Let U be an open 
connected subset of X such that (Y c U, diam(U) < ~1 and 
Cl(U) n 
( 
U { Cl(&): a n Cl(Uk) = S} 
> 
= 0. 
Notice that 
yt $ Cl(U4) u . . . u Cl(U,) 
and 
y2 $ Cl(&) u . * ’ u Cl(Uj4) u Cl(Uj+2) u . . . u Cl(&). 
Define 
io = 
( 
2 if YI tf Wh), 
3 if YI E Cl(Us), 
if ~2 4 cl(Uj-~), 
j - 1 if y2 E Cl(Uj_t), 
i, = 
i 
2 if ~1 $ CWI), 
1 if yt E Cl(Ut), 
and 
j,= 3 1. if ~2 $ cWj+~), j + 1 if y2 E Cl(Uj+t). 
Then the following four collections: 
u, ui,, . . . ) ujo; Cl(U), Cl(Uk), . . . ,Cl(U,,); 
U,Uj,,...,Un,Ul,...,Uz, 
and 
Cl(U),Cl(Uj,),. . ~,qJ7t),C~(~l),. . . ,Cl(Uz,) 
are circular chains with less than n elements. Define 
U* = U U Vi, U ’ ’ ’ U U.j, 
and 
v*=uuuj,uJJu,uu~u~4u,,. 
Since n is minimal, there exist maps ht : U* -+ IR and hz : V* + R such that e o h, = 
flJ?(U*), e 0 h2 = fl4(V*) and hl(yl) = h&l). Let 
V = U U Vi, U Uj, U Vi, U Uj,, 
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then V is an open connected subset of X such that 
diam (Cl(V)) 6 3 . ~1 < 3 .61, 
so C(CI(V)) c p-l [0, t] and, by Corollary 2, f[Ft (Cl(V)) N 1. Let he : Cl(V) + Iw be 
a map such that e o he = flFt(Cl(V)) and ho(yt) = ht(yt). 
It is easy to check that: Ut U 9 . s UU, c U*UV*, U*nV* c V andU*nV, V*nV 
are connected sets. 
Since U*nV is connectedand b(y1) = hi(yi), we have that h,(U*nV = h,jU*nV. 
Similarly, hop.f*nv = h21V*nV. Then hllU*nV* = h21U*nV*. Then there exists a 
map h : U*UV* + W which extends hl and h2. This implies that flFt (VI U. . .uUn) N 1. 
This contradiction proves that if Di n Dj # 8, then j {i 8 i 8 i, i 1, i 2). 
Let&>Obesuchthatba<Et/2and,foreachi=l,...,n, 
N(ba, cl(ui)) n c1(Uia2 u . . . u 
U Di. Since d is convex, Di - Cl(Ui) is open. Then Gi is an 
open connected subset of X. For x E Gi - Di, since d is convex, there exists an arc (Y 
joining z to a point y E Cl(Q) such that d&n(a) < 60 < &t/2 and 
(Y n Cl(Uie* U . *. U Ui@(n-2)) = 0. 
This implies that x E Die2 U Di U Diel. Hence Gi C DieI U Di U DieI. This implies 
that if Gi n Gj # 0, then j E {i 8 5, i 8 4, . . . , i $4, i $5). 
Dividing n by 5, write n = 5 . m + r where 0 6 r < 4 and m 2 5. Define 
E, =G1uG2uG3uG4uGs, 
E2 = G6 u G7 u Gs u G9 u G,o, . . . , 
Em-1 = G(m-2)+1 u GS(m-2)+2 u G5(m-2)+3 u G5(m-2)+4 u G5(m-2)+5 
and 
E,,, = Gs(m-1)+1 u.. . u Gm+r. 
Then El, . . . , Em is a circular chain of open connected subsets of X such that X = 
El U. . . U Em and, since diarn(Gi) < 2 ‘61 6 c/10 for each i, diam(Ej) < E for each j. 
Therefore X is circle-like. Hence X is a simple closed curve. 0 
Example 13. Theorem D is not true without the hypothesis of local connectedness. Let 
Y denote the Warsaw circle in the Euclidean plane. Then each proper Whitney level of 
Y is homeomorphic to Y or to a simple closed curve. Thus each proper Whitney level 
is not unicoherent. 
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